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Abstract

A combined heat transfer/kinetic model was developed to quantify tem-
perature variations in small tubular batch reactors and estimate the effect
of deviations from isothermal operation on the kinetics of biomass pretreat-
ment. Assuming that heat transfer was dominated by conduction in the
radial direction, a classic parabolic time-dependent partial differential
equation was applied to describe the temperature in the system and
dedimensionalized to provide a single solution for application to all situa-
tions. A dimensionless expression for the reaction kinetics for xylan
hydrolysis was then developed, and a single parameter expressed as the
dimensionless ratio of the first-order rate constant times the tube radius
squared divided by the thermal diffusivity was found to control the reaction
rate. Three different characterizations of the deviation between the concen-
tration profile predicted for isothermal xylan hydrolysis and that based on
the transient temperature were directly related to this dimensionless rate
constant parameter for both catalyzed and uncatalyzed hydrolysis kinetics.
These results were then used to project the relationship between deviations
in yield from isothermal results and the tube radius and reaction time.

Index Entries: Reactor design; heat transfer; kinetics; hydrolysis; pre-
treatment.

Introduction

The use of small-volume tubular batch reactors to study the hydrolysis
kinetics of hemicellulose is common in the literature because of the relative
simplicity and ease of use of this type of reactor system. The reactors can be
easily filled with the desired substrate, sealed, and submerged in a constant-
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temperature oil or fluidized sand bath set at the reaction temperature.
Researchers have utilized 1-in. 316 SS tubing (1), 0.5-in. Hastelloy tubing (2),
glass tube reactors (3,4), and a variety of other similar apparatus to conduct
experimental studies on both acid-catalyzed and uncatalyzed (autohydroly-
sis) hydrolysis. A common feature of these studies is that they are typically
assumed to be carried out under isothermal reaction conditions (5). In other
words, it is assumed that the reactor and its contents instantaneously reach
reaction temperature on immersion in a constant-temperature bath, and the
temperature transients that occur as the reactor is heated from ambient to
reaction temperature are not considered. These temperature transients result
in deviations to the predicted reaction progress using isothermal kinetics (5).
Some researchers have acknowledged these transients and have typically
dealt with them in one of two ways: (1) design a preheating strategy to mini-
mize the temperature transients, or (2) quantify the transients for specific
reaction conditions to obtain a measure of their effect on yields.

Most studies have applied the first method. For example Chen et al. (4)
proposed a two-bath procedure in which the reactors are placed in a bath
set 50°C higher than the reaction temperature for 50 s. Jacobsen (6) also used
a two-bath procedure in which the first bath is heated to 150% of the reac-
tion temperature. Only two published studies have been identified in which
an attempt to quantify the temperature transients is made (5,7). In a study
by Tillman et al. (5), a quantitative guideline is presented to assess the
impact of temperature and chip thickness on total xylose yield for acid
hydrolysis of aspen hemicellulose, and in the work of Jacobsen and Wyman
(7), a comparison of xylan remaining in 0.5- and 1.0-in.-diameter batch
tubes was presented.

The primary objective of the present study was to develop a compre-
hensive model that can be used with any given set of kinetics to estimate
the deviation from isothermal operation. First a dimensionless heat trans-
fer model was derived for the tubular reactor to describe the temperature
profile as a function of tube radius and time assuming that heat transfer
is dominated by conduction. This model was then coupled to a dimen-
sionless equation to describe xylan hydrolysis, and a dimensionless rate
constant was devised to combine similar systems in a single equation.
From this, a quantitative measure was developed between the controlling
factors for reactor design and the deviation of xylan hydrolysis from iso-
thermal operation.

Development of the Model and Dimensionless Rate Constant

First, the heat transfer portion of the combined model was derived by
applying the unsteady-state equation of energy in cylindrical coordinates
for one-dimensional heat conduction (8):

∂T
∂t = α ∂ 2T

∂r 2 + 1
r

∂T
∂r (1)
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in which T is the temperature, t is the time, α is the thermal diffusivity, and
r is the radial position. The thermal diffusivity, α, is given by Eq. 2:

α = k
ρCp

(2)

in which k is the thermal conductivity, ρ is the density, and Cp is the heat
capacity.

To apply Eq. 1 to a tubular batch reactor system, the reactors were
assumed to be infinitely long cylinders with heat transfer by only conduc-
tion in the radial direction.

One solution of this equation could be applied to multiple applica-
tions by rewriting it in dimensionless form. To this end, three dimension-
less parameters were introduced: t*, the dimensionless time; r*, the
dimensionless radius; and T*, the dimensionless temperature, defined as
follows (8):

t * = αt
R2 (3)

r * = r
R (4)

T * =
T – Ti

T f – Ti
(5)

in which Ti is the initial reactor temperature, Tf is the desired reaction tem-
perature, and R is the reactor radius. These three equations were substi-
tuted back into Eq. 1 to obtain the dimensionless heat transfer equation:

∂T *

∂t *
= ∂ 2T *

∂r * 2
+ 1

r *
∂T *

∂r * (6)

This equation was solved numerically in an Excel spreadsheet using
an explicit finite-difference method with 10 radial increments across the
tube radius, as presented in Fig. 1. Figure 1 shows that the tube contents
near the wall heat up very rapidly while the contents near the center take
much longer to reach the desired reaction temperature. Because this equa-
tion is dimensionless, its solution is applicable to any combination of tubu-
lar reactor size (radius), tube contents (thermal diffusivity), initial reactor
temperature, and desired reaction temperature.

A dimensionless approach was also applied to describe xylan hydroly-
sis based on the following first-order model for solids decomposition:

dX
dt

= – kX (7)

in which X is the hemicellulosic xylan in solid form and k is the reaction rate
constant. We then introduced the dimensionless time, t*, as previously
defined and the dimensionless xylan remaining in solid form, X*:

X * = X
Xo

(8)



104 Stuhler and Wyman

Applied Biochemistry and Biotechnology Vol. 105–108, 2003

in which Xo is the initial amount of xylan in the substrate. Now the dimen-
sionless kinetic expression can be written as

dX *

dt *
= – βX *

(9)

in which β, the dimensionless first-order rate constant, is

β = R2k
α (10)

Equation 9 can then be solved by applying the initial condition that
X* = 1.0 when t* = 0, to obtain the following analytical expression, which
describes the amount of xylan remaining in solid form as a function of
dimensionless time and β only when the temperature is constant:

X * = exp – βt * (11)

The dimensionless rate constant, β, can be written for uncatalyzed
(autohydrolysis) hydrolysis by incorporating the Arrhenius relationship
for the rate constant:

k = k oe
(– E / RT) (12)

in which ko is the preexponential factor, E is the activation energy, and R is
the gas constant. For acid-catalyzed hydrolysis, an additional acid concen-
tration term is added to the Arrhenius expression:

k = k oC
ne (– E / RT) (13)

Fig. 1. Dimensionless temperature profile for tubular batch reactors showing tem-
perature vs time for 10 radial intervals.
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in which C is the acid concentration and n is the reaction order. Therefore,
the dimensionless rate constants for uncatalyzed and catalyzed xylan
hydrolysis, respectively, can be defined as follows:

β uncat = R2

α k oe
(– E / RT) (14)

β cat = R2

α k oC
ne (– E / RT) (15)

First, the isothermal xylan profile (Xiso
* ) was calculated as a function of

dimensionless time for a given β as:

Xiso
* ≡ f t *, β   in which  β ≡ f R, α, k o, E, Tf , C, n (16)

by applying Eq. 11 for a constant target temperature Tf in conjunction with
either Eq. 14 or 15, depending on whether uncatalyzed or acid-catalyzed
kinetics were being studied. Next, the above kinetic expressions given by
Eqs. 9, 14, and 15 were incorporated into an Excel spreadsheet containing
the transient temperature profiles presented in Fig. 1. The transient tem-
perature xylan profile (Xtrans

* ) was calculated by dividing the batch reactor
into 10 rings and calculating the relative area of the rings to determine the
initial amount of xylan in each ring. Equation 11 was then integrated across
each ring using Euler’s method to determine the amount of xylan remain-
ing in each ring after each time step. Instead of simply using the desired
reaction temperature in this equation, the average temperature of the inner
and outer radius of each radial increment was taken from the transient
temperature profile and used to calculate the reaction rate constant during
that increment of time. Because the actual dimensional temperature had to
be used in this calculation, the transient xylan profile is dependent on the
initial temperature of the reactor in addition to t* and β:

Xtrans
* ≡ f t *, β, Ti (17)

The two profiles were plotted and compared to produce a quantitative
measure of deviation between the reaction profiles for isothermal and tran-
sient temperature as discussed in the following section. Figure 2 shows an
example of a comparison of isothermal and transient profiles for a value of
β = 1.0. As expected, the amount of xylan decreases more slowly for tran-
sient than for isothermal operation because of the delay in increase in tem-
perature from the initial to target value.

Development of Quantitative Measures
of Deviation from Isothermal Operation

To quantitatively describe the difference between the transient and
isothermal xylan profiles, three parameters were investigated: the sum of
squares of the error (SSE), the % area difference (%AD), and the % instan-
taneous difference (%ID), as follows:
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Sum of Squares of Error

SSE was calculated by summing the squares of the differences between
the predicted amounts of xylan left for transient and the amount predicted
for isothermal operation over a given time span as follows:

SSE = Σ
i = 0

n
Xtrans

* to
* + i∆t * – Xiso

* to
* + i∆t *

2

(18)

in which
Xtrans

* to
* + i∆t *   and  Xiso

* to
* + i∆t *

are, respectively, the numeric values of the predicted amounts of xylan
remaining for transient and isothermal operation evaluated at a specific
time. Clearly, the magnitude of this error is dependent on the number of
time steps that it is evaluated over, so for the purposes of this article a
constant number of time steps was used.

% Area Difference

%AD was based on the difference between the xylan curves for the
transient and isothermal reactions divided by the integral for isothermal
behavior to give a relative deviation:

%AD = 100
Xtrans

*

0

t*
dt * _ Xiso

*

0

t*
dt *

Xiso
*

0

t*
dt * (19)

Fig. 2. Comparison of isothermal and transient reaction profiles showing dimen-
sionless xylan remaining in solid form vs dimensionless time.
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% Instantaneous Difference

%ID was derived by subtracting the predicted amount of xylan left for
isothermal operation from the predicted value for transient operation at a
specified dimensionless time and dividing by the predicted quantity of
xylan for isothermal reaction according to the following expression:

%ID =
Xtrans

* – Xiso
*

Xiso
* (20)

This parameter is different from the other two measures of deviation
because it only depends on the instantaneous difference in xylan remaining
and is therefore independent of the time history of the profile.

Results

To determine whether the dimensionless rate constant, β, can be cor-
related with a quantitative measure of deviation, the model was applied
with two published kinetic models. Table 1 presents the kinetic parameters
and experimental conditions that were used for the two sets.

The Excel model was run multiple times for both kinetic models by
varying the reaction temperature, acid concentration (for the acid-cata-
lyzed model), and initial temperature (20 or 100°C) within the reported
range of experimental conditions. The value of β along with the three
quantitative measures of deviation were calculated for each trial. Figures
3 and 4 show the deviation parameters SSE and %AD defined at 100%
yield (i.e., t* at which Xiso

*  and Xtrans
*  are equal to zero) plotted vs β for both

catalyzed and uncatalyzed models for two different initial temperatures:
20 and 100°C. The scales for these figures are different for catalyzed and
uncatalyzed models because the β values calculated within the experi-
mental ranges in Table 1 are higher for the uncatalyzed model. From Figs.
3 and 4, one can see that for small values of β, there is a positive linear
relationship between both deviation quantities and β. For larger values of

Table 1
Experimental Conditions and Parameters for Kinetic Models

Garrote et al. (9) Chen et al. (4)

Pretreatment Autohydrolysis Dilute acid
Substrate Corncobs Corncob/stover mixture
Temperature range (°C) 145–190 120–150
Acid conc. range (wt%)         — 0.11–1.9
ko 1.46 × 1012 s–1 3.33 × 108 s–1 wt%–1

E (kJ/mol) 130 86.2
n         — 1.0
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β, this relationship becomes less and less linear. The linear relationship
between %AD and β (Fig. 4) holds over a wider range of β than the linear
relationship between the SSE and β (Fig. 3). For both Figs. 3 and 4, a
comparison of uncatalyzed plots (Figs. 3A and 4A) and catalyzed plots
(Figs. 3B and 4B) shows that there is greater scatter for the catalyzed plots.
This is owing to the additional parameter of acid-concentration that was
included and varied in the acid-catalyzed model to obtain the data points.

The regression lines plotted in Fig. 4 for Ti = 20°C are very similar for
the uncatalyzed and acid-catalyzed models and are given by, respectively:

%ADuncat = 37.5 × β (21)

%ADcat = 31.4 × β (22)

Fig. 3. SSE vs dimensionless rate constant, β, for (A) uncatalyzed and (B) acid-
catalyzed kinetic models and initial temperatures of 20 and 100°C.

A

B
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These two equations can then be used to produce a set of design curves
for each kinetic model. For example, for uncatalyzed kinetics, an expres-
sion for the reaction temperature as a function of tube radius can be written
at any %AD if the thermal diffusivity and kinetic constants are held con-
stant. Figure 5 shows the design curves at 5, 10, 20, 50, and 100% error for
both Ti = 20°C and Ti = 100°C assuming Garrote kinetics as presented in
Table 1 and α = 0.0016 cm2/s.

A similar plot can be prepared for the acid-catalyzed kinetics using
Eq. 22; however, the initial temperature and the acid concentration must
be specified for each design curve. Figure 6 shows the design curves at 5,
10, 20, 50, and 100% area difference for an initial temperature of 20°C and
an acid concentration of 0.5 wt%. To demonstrate the effect of varying the

Fig. 4. %AD vs dimensionless rate constant, β, for (A) uncatalyzed and (B) acid-
catalyzed kinetic models and initial temperatures of 20 and 100°C.

A

B
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acid concentration and initial temperature on the design curve for acid-
catalyzed kinetics for an error of 5%, the plot in Fig. 7 was generated.

Instead of calculating the %AD over the entire time profile (until X*

→ 0) as presented in Figs. 5–7, a different plot was generated by calculat-
ing the %AD at a specified xylan yield (defined as 100% – X*) and plotting
vs β. This plot for uncatalyzed kinetics and two different initial tempera-
tures is presented in Fig. 8.

A third type of plot can be prepared that only considers the error
between the isothermal and transient profiles at an instantaneous time by
using the %ID and plotting the same parameters shown in Fig. 8. Figure 9
shows this plot for the uncatalyzed model.

Discussion

The dimensionless rate constant that was developed in the present
work is directly related to the tube radius squared and the kinetic rate
constant assuming first-order kinetics for xylan hydrolysis and inversely
related to the thermal diffusivity of the contents of the tube. Therefore, it
can be viewed as a ratio of the reaction rate (k) to the rate of heat conduction
(R2/α for a tube), and the larger the value of β, the larger the expected
deviation from isothermal operation. This dimensionless group was used
to determine the relative effect of variation of the variables that comprise
it (radius, kinetic constants, reaction temperature, and thermal diffusivity
of tube contents). However, to establish the validity of this dimensionless

Fig. 5. %AD as function of tube inner radius and reaction temperature for
uncatalyzed model and initial temperatures of 20°C (thick solid lines) and 100°C (thin
solid lines).
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Fig. 6. %AD as function of tube inner radius and reaction temperature for catalyzed
model, initial temperature of 20°C, and 0.5 wt% acid concentration.

Fig. 7. %AD as function of tube inner radius and reaction temperature for catalyzed
model, initial temperature of 20 and 100°C, and 0.5 and 2.0 wt% acid concentration
with each line representing the limit for an error of 5%.
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constant, a relationship between β and quantitative measures of deviation
must be shown. The Excel model and Figs. 3–9 described in the previous
section successfully established that three quantitative parameters of
deviation from isothermal operation could be related to the dimensionless
rate constant, β, for both acid-catalyzed and uncatalyzed kinetic models. A
quantitative indicator of the difference between the isothermal and tran-
sient xylan profiles generated for specific kinetic parameters can be directly

Fig. 9. Percentage xylan yield as a function of %ID and β for uncatalyzed model and
initial temperature of 20°C.

Fig. 8. Percentage xylan yield as function of %AD and β for uncatalyzed model and
initial temperatures of 20°C (thick solid lines) and 100°C (thin solid lines).
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calculated by using plots such as in Figs. 3 and 4. For example, to calculate
the deviation for 1/2-in. OD tubes and 0.5 wt% acid, heated from room
temperature to a reaction temperature of 160°C, β would first be calculated
using Eq. 15. After inserting the terms in appropriate units, the resulting
value of β is 1.24, and, therefore, from Figs. 3B and 4B, the SSE and %AD can
be found to be approximately 22 and 40%, respectively. Figures 5–7 incor-
porate the linear relationships from Fig. 4 to eliminate the intermediate step
of calculating β. For this example, using Fig. 6 with a 1/2-in. OD tube (0.21-
in. inner radius) and 160°C gives an area difference of <50%.

From the two methods that were used to calculate a quantitative
deviation based on the time history of the xylan profile, the %AD is the most
useful because it gives a relative area so it does have some physical mean-
ing and has a linear relationship with β over a much larger range of values.
The %AD parameter also provides a basis for comparison of different
kinetic studies that have been previously reported in the literature and for
determining when assumptions of isothermal operation appear valid. The
third quantitative parameter, %ID, is useful as a means to estimate the error
in any data point.

It is important to note that this analysis is inherently dependent on
assumptions in both the heat transfer and kinetic model that may not always
be valid. For example, the heat transfer model assumes that heat transfer in
the tubular batch reactors is controlled by conduction and that convection
forces are not important. Although experimental measurements of centerline
temperatures in tubular reactors loaded with low (5%) to high (100%) solids
concentrations follow the model prediction, there may be situations in which
convection forces may impact and speed up heat transfer in tubular batch
reactors. Additionally, the kinetic models are based on first-order kinetics
although many researchers have found biphasic kinetics to best fit their data.
For these reasons, the results of this analysis should be viewed in relative
rather than absolute terms and utilized primarily as a tool to guide tubular
reactor analysis and design and interpret the accuracy of the results.

Conclusions

The results of this analysis indicate that it is very important to validate
the assumption of isothermal operation for both acid-catalyzed and
uncatalyzed hydrolysis in batch reactor tubes. A dimensionless rate con-
stant consisting of the ratio of the reaction rate to the heat conduction rate
was shown to be useful as a tool to quantitatively determine the range of
experimental conditions in which the isothermal assumption is reasonable
and those in which this assumption is questionable. Increasing factors that
speed up the reaction rate, such as reaction temperature and acid concen-
tration, were shown to increase the dimensionless rate constant and lead to
larger errors, while increasing factors that speed up the heat conduction
rate, such as thermal diffusivity or smaller reactor tubes, were shown to
decrease the dimensionless rate constant and the resulting error.
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An Excel spreadsheet model was created to calculate the traditional
isothermal xylan profile as well as a transient xylan profile based on the
transient temperature profile in the reactor that is expected if conduction is
controlling. Three quantitative measures were developed to describe the
differences between these profiles and were shown to be directly related to
the dimensionless rate constant. Through the use of reactor design curves, it
was demonstrated that experimental studies that utilize tubular reactors
larger than 1/2-in. are dramatically affected by temperature transients in all
but the slowest reaction rate conditions (e.g., low temperatures without
addition of acid). Furthermore, our results indicate that if the model assump-
tions are valid, deviation from isothermal operation is expected to be signifi-
cant in many published experimental studies.

Future work on this project will include the utilization of a wider
variety of kinetic data sets, as well as our own laboratory data, to determine
whether there is a universal relationship between the dimensionless con-
stant and the deviation from isothermal operation. It will also be important
to determine how temperature transients affect further reaction products
such as oligomers, monomers, and degradation products as well as to con-
duct experimental work to verify model predictions of the effects of tem-
perature transients.
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